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A CHARACTERIZATION OF CODIMENSION ONE
COLLAPSE UNDER BOUNDED CURVATURE AND
DIAMETER
SASKIA ROOS
Abstract. Let M(n,D) be the space of closed n-dimensional
Riemannian manifolds (M, g) with diam(M) ≤ D and | secM | ≤ 1.
In this paper we consider sequences (Mi, gi) in M(n,D) converg-
ing in the Gromov-Hausdorff topology to a compact metric space
Y . We show on the one hand that the limit space of this sequence
has at most codimension 1 if there is a positive number r such that
the quotient vol(B
Mi
r (x))
injMi (x)
can be uniformly bounded from below by
a positive constant C(n, r, Y ) for all points x ∈ Mi. On the other
hand, we show that if the limit space has at most codimension 1
then for all positive r there is a positive constant C(n, r, Y ) bound-
ing the quotient vol(B
Mi
r (x))
injMi (x)
uniformly from below for all x ∈ Mi.
As a conclusion, we derive a uniform lower bound on the volume
and a bound on the essential supremum of the sectional curvature
for the closure of the space consisting of all manifolds in M(n,D)
with C ≤ vol(M)inj(M) .
1. Introduction
LetM(n,D) be the space of isometry classes of closed n-dimensional
Riemannian manifolds (M, g) with diam(M) ≤ D and | secM | ≤ 1.
Due to Gromov, [Gro81], it is known that this space is precompact
with respect to the Gromov-Hausdorff metric dGH. A dGH-convergent
sequence (Mi, gi)i∈N in M(n,D) is said to collapse if its limit space is
of lower dimension.
The first nontrivial example of collapse was discovered and carried
out by Marcel Berger in about 1962. He considered the Hopf fibration
S
1 → S3 → S2(1
2
) and rescaled the metric tangent to the fibers by
ε > 0 while keeping the original metric in the directions orthogonal
to the fiber fixed. As ε → 0 the sectional curvature remains bounded
while the injectivity radius converges uniformly to 0 at each point.
Furthermore, S3 resembles more and more a 2-sphere with constant
sectional curvature 4 as ε→ 0.
A cornerstone for the theory of collapse under bounded curvature is
Gromov’s characterization of almost flat manifolds [Gro78]. For exam-
ple, Fukaya’s fibration theorems [Fuk87], [Fuk89] can be understood as
a parametrized version of [Gro78]. In [Fuk88], Fukaya applied these
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fibration theorems to the sequence of frame bundles of a collapsing
sequence in M(n,D) and derived a description of the boundary of
M(n,D) (see [Fuk88, Theorem 10.1]). Cheeger, Fukaya and Gromov
proved a simultaneously equivariant and parametrized version of this
result in [CFG92].
It is well-known that in general the elements in the boundary of
M(n,D) have singularities. Fukaya showed in [Fuk88] that the Haus-
dorff dimension of elements in the boundary of M(n,D) is an integer.
If the limit space of a collapsing sequence inM(n,D) has codimension
1 , Fukaya proved that it has to be a Riemannian orbifold with a C1,α-
metric, [Fuk90, Proposition 11.5]. This motivates the main result of
this paper which provides the following equivalent characterizations on
sequences in M(n,D) which drop at most one dimension in the limit.
Theorem 1.1. Let (Mi, gi)i∈N be a sequence in M(n,D) converging to
a compact metric space (Y, d) in the Gromov-Hausdorff topology. Then
the following are equivalent
i) dimHaus(Y ) ≥ (n− 1),
ii) for all r > 0 there is a positive constant C(n, r, Y ) such that
C ≤ vol(B
Mi
r (x))
injMi(x)
(1.1.1)
holds for all x ∈Mi and all i ∈ N,
iii) for some r > 0 and a positive constant C(n, r, Y ) such that
(1.1.1) holds for all x ∈Mi and all i ∈ N.
The idea behind Theorem 1.1 is the following illustrative observa-
tion. Let (Mi, gi)i∈N be a collapsing sequence in M(n,D). Then the
r-balls around a sequence of points pi ∈ Mi contain all collapsing di-
rections, while the injectivity radii at the points pi only represents the
fastest scale of collapsing. Now, if the collapse has codimension 1, it
happens on the scale of the injectivity radius. Hence, the volume of
the balls BMir (pi) and the injectivity radii inj
Mi(pi) converge to 0 at the
same rate. Therefore, the ratio (1.1.1) can be uniformly bounded from
below. However, if the collapse has codimension larger than 2, then the
injectivity radius only represents the fastest scale of collapsing. Thus,
the volume of the balls BMir (pi) converges on a larger scale to 0 than
the injectivity radii injMi(pi). Consequently, their quotient converges
to 0.
Example 1.2. Consider the following sequence of flat tori (Ti := S
1×
1
i
S1, gi)i∈N. Here gi is the product metric on on the product of circles
of radii 1 and 1
i
. This sequence collapses to S1 which is of codimension
1. As injTi(x) ≡ pi
i
, for any r > 0, there exists I ∈ N such that
vol(BTir (x)) = 4pi
2
(
max{r,pi}
i
)
for all x ∈ Ti, i > I. For simplicity we
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assume r ≤ pi. Combing these, we derive
lim
i→∞
vol(BTir (x))
injTi(x)
= lim
i→∞
4pi2 r
i
pi
i
= 4pir > 0.
Thus, this quotient can be uniformly bounded by a positive constant
C, as stated in Theorem 1.1.
Example 1.3. Similarly to the previous example we consider the se-
quence of flat tori (Tj :=
1
j2
S1 × 1
j
S1, gj)j∈N. This limit collapses to a
point. No matter how small we choose r > 0 there exists some J ∈ N
such that vol(B
Tj
r (x)) = 2pij2 · 2pij for any j > J . As injTj(x) ≡ pij2 , the
same considerations as before leads to
lim
j→∞
vol(B
Tj
r (x))
injTj (x)
= lim
j→∞
4pi
j
= 0.
Therefore, we cannot find a uniform positive lower bound for this quo-
tient.
The proof of Theorem 1.1 requires the improved version of Fukaya’s
fibration theorems derived in [CFG92]. First, we show that in order to
prove Theorem 1.1, it is enough to restrict to sequences of manifolds
with invariant metrics, as introduced in [CFG92]. Then we proof that
i) implies ii) by constructing a lower bound as required in (1.1.1) for
any given r > 0. As the implication from ii) to iii) is trivial it remains
to show that iii) implies i). This direction will be proved by contradic-
tion. We will bound the volume of the ball in the manifold, up to a
constant, by the injectivity radius and the diameter of the collapsing
fibers. It remains to bound the injectivity of the fibers from above
by the injectivity radius of the manifold in the related points. This
is done by modifying the results of [Tap00] for bounded Riemannian
submersions. In the end, we show that the constructed upper bound
on the quotient converges to 0, giving a contradiction.
The paper is organized as follows. In Section 2 we recall the the-
ory of collapsing sequences in M(n,D) developed by Cheeger, Fukaya
and Gromov. In particular, we recall that each sufficiently collapsed
manifold is a singular fibration with infranil fibers.
Section 3 deals with bounded Riemannian submersions η : M →
Y , i.e. Riemannian submersions where the norm of the fundamental
tensors A and T is bounded by positive constants CA resp. CT . There
we modify the results of [Tap00] to obtain the following upper bound
on the injectivity radius of the fibers Fp := η
−1({p}), p ∈ Y .
Proposition 1.4. Let η : Mn+k → Y n be a bounded Riemannian
submersion with | secM | ≤ K for some K > 0. Assume further that
injM(x) < min{ pi√
K+3C2
A
, 1
4
injY (p)} for some x ∈ Fp. Then
injFp ≤
(
1 + τ(injM(x)|CA, CT , k,K)
)
· injM(x).
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Here τ(ε|a1, . . . , al) denotes a positive continuous function such that
limε→0 τ(ε|a1, . . . , al) = 0 for fixed a1, . . . , al. The explicit expression
of the constant
(
1 + τ(injM(x)|CA, CT , k,K)
)
is given in the proof.
In Section 4 we prove Theorem 1.1 using the strategy explained
above. In conclusion we define the space M(n,D,C) consisting of
all manifolds in M(n,D) satisfying (1.1.1) for fixed numbers r and C.
We show that there is a uniform bound on the essential supremum of
the sectional curvature and a uniform lower bound on the volume for
all (n− 1)-dimensional metric spaces Y in the closure of M(n,D,C).
Acknowledgments. First I want to especially thank Werner Ball-
mann and Bernd Ammann for many helpful and enlightening discus-
sions. I am very thankful for the great hospitality of the Max-Planck
Institute for mathematics in Bonn. Furthermore, I would like to thank
Renato G. Bettiol for proof reading and comments improving this pa-
per.
2. Collapsing theory for bounded curvature and
diameter
In this section we recall the relevant theorems about convergence and
collapsing in M(n,D). From this point on, we use the following nota-
tion: τ(c|x1, . . . , xk) denotes a positive continuous function depending
on c and x1, . . . , xk such that limc→0 τ(c|x1, . . . , xk) = 0 for any fixed
x1, . . . , xk.
In [Gro81, Theorem 5.3], Gromov proved that M(n,D) is precom-
pact in the Gromov-Hausdorff topology. Furthermore, for any fixed
positive i0 the subspace
M(n,D, i0) := {(M, g) ∈M(n,D)| injM > i0}
is precompact in the C1,α-topology (see [Che70], [Pet87]).
Without the uniform lower bound on the injectivity radius a se-
quence (Mi, gi)i∈N inM(n,D) might collapse to a metric space of lower
Hausdorff dimension. In [Fuk88] Fukaya studied collapsing sequences
in M(n,D) considering the corresponding sequence of frame bundles
FMi.
Theorem 2.1 (Fukaya). Let (Mi, gi)i∈N be a sequence inM(n,D) con-
verging with respect to the Gromov-Hausdorff metric to a compact met-
ric space Y . There exists a positive ε := ε(n,D) such that, for all i with
dGH(Mi, Y ) ≤ ε, there is a map ηi : Mi → Y and a manifold Y˜ on which
O(n) acts isometrically, and an O(n)-equivariant map η˜i : FMi → Y˜
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such that
FMi
η˜i
//
pii

Y˜
pi

Mi ηi
// Y
(2.1.1)
commutes, and:
i) Y˜ is a Riemannian manifold with C1,α-metric tensors,
ii) η˜i is a fiber bundle with affine structure group and infranil fibers,
iii) η˜i is an almost Riemannian submersion, i.e. if X ∈ TxFMi is
perpendicular to the fibers of η˜i then
e−τ(dGH(Mi,Y )|n,D) <
‖dη˜i(X)‖
‖X‖ < e
τ(dGH(Mi,Y )|n,D),
iv) Mi and Y are isometric to FMi/O(n) and Y˜ /O(n) respectively,
v) for each p ∈ Y the groups Gp˜ = {g ∈ O(n)|g(p˜) = p˜) for
p˜ ∈ pi−1(p) are isomorphic to each other. We set Gp := Gp˜ for
some fixed p˜ ∈ pi−1(p).
We henceforth use the notation introduced in this theorem repeat-
edly.
Another approach to collapse under bounded curvature was carried
out by Cheeger and Gromov ( [CG86], [CG90]). They generalized local
group actions and introduced an action of a sheaf of groups. In par-
ticular, they considered actions of sheaves of tori with additonal reg-
ularity conditions. This defines the so-called F -structure (“F” stands
for flat). Cheeger and Gromov proved that each sufficiently collapsed
complete Riemannian manifold admits an F -structure of positive rank.
This approach does not require an upper bound on the diameter of the
manifold.
Combining these two approaches, Cheeger, Fukaya and Gromov in-
troduced in [CFG92] a nilpotent structure (N -structure) and showed its
existence on each sufficiently collapsed part of a complete Riemannian
manifold. Roughly, if M is sufficiently collapsed, its frame bundle FM
is the total space of a fibration with infranil fibers and affine structural
group. Thus, there is a sheaf on FM whose local sections are given by
local right invariant vector fields on the fiber.
A further main result of their article [CFG92] is the existence of in-
variant metrics on manifolds admitting an N -structure. These metrics
are invariant in the sense that the local sections of the sheaf on the
frame bundle are given by local Killing fields.
To obtain such a metric they first applied the following theorem due
to Abresch [Abr88] to obtain uniform bounds on the derivatives of the
curvature (see also [Shi89]) .
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Theorem 2.2 (Abresch). For any ε > 0 and n ∈ N there is a smooth-
ing operator Sε such that on any complete Riemannian manifold (M, g)
with | secg | ≤ 1 the metric g˜ := Sε(g) satisfies
i) e−εg < g˜ < eεg,
ii) |∇ − ∇˜| < ε,
iii) |∇˜jR˜| < Aj(n, ε) for all j ≥ 0.
Additionally, Rong showed that, for sufficiently small ε, we have
the following bounds for the sectional curvature of Sε(g), c.f. [Ron96,
Proposition 2.5].
Proposition 2.3 (Rong). There is a constant δ > 0 such that for
any complete Riemannian manifold (M, g) with | secg | ≤ 1 and any
0 ≤ ε ≤ δ, there is a positive constant C(n) such that the metric
g˜ := Sε(g) satisfies
min secg˜−C(n)ε ≤ secg ≤ max secg˜ +C(n)ε.
At this point, we introduce the following notion: A Riemannian
manifold (M, g) is called A-regular if there is a sequence A = (Aj)j∈N of
nonnegative numbers such that |∇jR| ≤ Aj for all j ≥ 0. Furthermore,
C(A) will denote a constant depending on Aj for finitely many j ≥ 0.
Assuming the manifold to be A-regular, Cheeger, Fukaya and Gro-
mov proved the existence of invariant metrics, compare [CFG92, Sec-
tion 7, Section 8].
Theorem 2.4 (Cheeger-Fukaya-Gromov). Let (M, g) ∈ M(n,D) be
an A-regular Riemannian manifold such that there is a lower dimen-
sional metric space Y with dGH(M,Y ) ≤ ε(n,D), where ε(n,D) is the
constant in Theorem 2.1. Then there is an invariant metric g˜ such that
|∇j(g − g˜)| ≤ c(n,A, j)dGH(M,Y ).
Here ε(n,D) is the constant from Theorem 2.1. Furthermore, the map
η˜ : FM → Y˜ is a Riemannian submersion with respect to the metric
induced by g˜ such that the second fundamental form of the fibers is
bounded by a positive constant C(n,A).
3. The injectivity radius of the fiber
The goal of this section is to prove Proposition 1.4. Therefore, we
consider a Riemannian submersion η : M → Y . Henceforth, denotes
the fiber over p ∈ Y by Fp := η−1({p}) and k := dim(Fp).
Recall, that a Riemannian submersion is bounded if the fundamental
tensors A and T are bounded in norm by positive constants CA resp.
CT .
The main ingredient of the proof of Proposition 1.4 is a homotopy
with fixed endpoints between a curve γ with endpoints in a fiber Fp
and a curve γ˜ lying completely in the fiber Fp such that the length of
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γ˜ is bounded from above linear in terms of l(γ). Such a homotopy was
constructed in the proof of Theorem 3.1 in [Tap00].
Proposition 3.1 (Tapp). Let η : M → Y be a bounded Riemannian
submersion with Y being compact and simply-connected. Then there
exists a positive constant C := C(Y, k, CT , CA) such that any curve γ
in M with η ◦ γ being a contractible loop is homotopic to a curve γ˜ in
the fiber Fp, p = η ◦ γ(0), satisfying
l(γ˜) ≤ C l(γ).
Comparing the assumptions of Proposition 3.1 with those of Propo-
sition 1.4 there are a few differences. First, in Proposition 3.1, Tapp
requires Y to be compact and simply-connected. These assumptions
are needed to guarantee that for any loop α : [0, 1] → Y there is is a
nullhomotopy H : [0, 1]× [0, 1]→ Y , i.e. H(1, t) = α(t), H(0, t) = α(0)
and H(s, 0) = H(s, 1) = α(0) for all s ∈ [0, 1], whose derivatives are
uniformly bounded, c.f. [Tap00, Lemma 7.2].
Going back to the statement of Proposition 1.4 the assumptions
therein imply that the considered noncontractible geodesic loop γ based
at x ∈ Fp has length l(γ) = 2 injM(x) < 12 injY (p). Therefore, the loop
η ◦ γ is contractible in Y . Furthermore, by assuming a bound on the
sectional curvature of Y there is a nullhomotopy for curves with length
less or equal 1
4
injY (p)) whose derivatives can be bounded as follows:
Lemma 3.2. Let Y be a Riemannian manifold with −λ2 ≤ secY ≤ Λ2
for some λ,Λ > 0. Furthermore, let α : [0, 1]→ Y be a loop in Y based
at p and l(α) < min{2pi
Λ
, 1
2
injY (p)}. Then there is a piecewise smooth
nullhomotopy H : [0, 1]×[0, 1]→ Y , i.e. H(0, t) = p and H(1, t) = α(t)
and H(s, 0) = H(s, 1) = p for all s ∈ [0, 1], such that
∣∣∣∣ ∂∂tH
∣∣∣∣ ≤ Λλ · sinh(λ
l(α)
2
)
sin(Λ l(α)
2
)
· l(α),
∣∣∣∣ ∂∂sH
∣∣∣∣ ≤ sinh(λ
l(α)
2
)
λ l(α)
2
· l(α)
2
.
for all s, t ∈ [0, 1].
Proof. Let α be parametrized proportional to arclength. Since α satis-
fies l(α) < 1
2
injY (p), it lifts to a loop α˜ := exp−1p ◦α in TpY .
Define H˜(s, t) := s · α˜(t) with s, t ∈ [0, 1]. Clearly, we have that∣∣∣∣ ∂∂sH˜
∣∣∣∣ = |α˜| ≤ l(α)2 .
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To estimate
∣∣∣ ∂∂tH˜∣∣∣ we first observe, that as −λ2 ≤ secY ≤ Λ2 it follows
that
sin(Λ|v|)
Λ|v| |w| ≤ |(Dv expp)(w)| ≤
sinh(λ|v|)
λ|v| |w|
for all v ∈ TpY with |v| < piλ and w ∈ TvTpY , see e.g. [Jos05, Corollary
4.6.1]. Therefore, we obtain for q ∈ B 1
4
injY (p)(p) and u ∈ TqY that
|(Dq exp−1p )u| ≤
Λ| exp−1(q)|
sin(Λ| exp−1(q)|) |u|.
Thus, ∣∣∣∣ ∂∂tH˜
∣∣∣∣ ≤
∣∣∣∣ ∂∂tα˜
∣∣∣∣ ≤ Λ|α˜|sin(Λ|α˜|)
∣∣∣∣ ∂∂tα
∣∣∣∣ ≤ Λ l(α)2
sin(Λ l(α)
2
)
· l(α)
By construction H := expp(H˜) is a piecewise smooth nullhomotopy
of α in Y such that∣∣∣∣ ∂∂sH
∣∣∣∣ ≤ sinh(λ|H˜(s, t)|)λ|H˜(s, t)|
∣∣∣∣ ∂∂sH˜
∣∣∣∣ ≤ sinh(λ l(α)2 )
λ l(α)
2
· l(α)
2
.
The corresponding bound on
∣∣ ∂
∂t
H
∣∣ is derived similarly. 
The next corollary follows immediately by adjusting the bounds on
the derivative of the exponential map.
Corollary 3.3. Let Y be a Riemannian manifold with −λ2 ≤ secY ≤
−Λ2 for some λ ≥ Λ ≥ 0. Furthermore, let α : [0, 1]→ Y be a loop in
Y based at p and l(α) < 1
2
injY (p). Then there is a piecewise smooth
nullhomotopy H : [0, 1]× [0, 1]→ Y , as before, such that∣∣∣∣ ∂∂tH
∣∣∣∣ ≤ Λλ · sinh(λ
l(α)
2
)
sinh(Λ l(α)
2
)
· l(α),
∣∣∣∣ ∂∂sH
∣∣∣∣ ≤ sinh(λ l(α)2 )
λ l(α)
2
· l(α)
2
.
In the case of Λ = 0, we set sinh(Λ)
Λ
= 1.
Next, we prove Proposition 1.4. Therein we keep carefully track of
the dependence of the constants on injM(x) because this is the quantity
going to 0 in a collapsing sequence while the other quantities will be
uniformly bounded.
Proof of Proposition 1.4. As injM(x) < pi√
K
there is a noncontractible
geodesic loop γ based at x such that l(γ) = 2 injM(x). As injM(x) <
1
4
injY (p), the composition η ◦ γ is contractible in Y . By Proposition
COLLAPSE OF CODIMENSION 1 9
3.1, γ is homotopic to a noncontractible loop γ˜ in the fiber Fp such
that l(γ˜) ≤ C · l(γ) for a positive constant C := C(Y, k, CA, CT ). Thus,
2 injFp ≤ l(γ˜) ≤ C · l(γ) = C · 2 injM(x).
We claim that C = τ(l(γ)|CA, CT , k,K). The proof consists of a
careful study of the constant C, following the proof of [Tap00, The-
orem 3.1]. In this proof, Tapp modifies the path γ such that it is a
concatenation of paths with endpoints in the fiber whose length is not
larger than (2 diam(Y ) + 1). As l(γ) < (2 diam(Y ) + 1) already holds
by assumption we do not need this modification.
Set α(t) := η ◦ γ. The vertical curve γ˜ is the concatenation of the
paths β1 and β2. The first path β1 goes from x to z := h
α(x), where
hα : Fp → Fp is the holonomy diffeomorphism associated to α and the
path β2 connects z with x again. Hence,
l(γ˜) ≤ l(β1) + l(β2) ≤ P · l(γ) + L · l(γ) = Cl(γ)
for some explicit positive constante P and L, compare with [Tap00, p.
645]. We will study these constants P and L in detail.
First we consider the inequality l(β1) ≤ P · l(γ). The constant P is
a bound on the derivative of the function l 7→ ρl(1) between l = 0 and
l = l(γ), where ρl(γ)(t) is the solution to the differential equation
(ρl(γ))
′(t) = kCAQsQtl(γ)(1 + 4kk!) + kQtl(CT + 4kk!CA)ρl(t) ; ρl(γ)(0) = 0
(3.3.1)
The constants Qt and Qs are the bounds on the nullhomotopy H of
the path α(t) in Y , i.e.
∣∣ ∂
∂t
H
∣∣ ≤ Qtl(γ) and ∣∣ ∂∂sH∣∣ ≤ Qs. uniformly
As, by Gray-O’Neill’s formula, −K ≤ secY ≤ (K + 3C2A) and, by
assumption, l(α) ≤ l(γ) < min{ 2pi√
K+3C2
A
, 1
2
injY (p)} we apply Lemma
3.2 and obtain
Qt =
√
K + 3C2A√
K
· sinh(
√
K l(γ)
2
)
sin(
√
K + 3C2A
l(γ)
2
)
,
Qs =
sinh(
√
K l(γ)
2
)√
K l(γ)
2
· l(γ)
2
=: Q˜sl(γ).
Note that for any loop α¯ in Y of length less or equal than l(γ) the cor-
responding nullhomotopy H¯ of α¯ satisifies the bounds
∣∣ ∂
∂t
H¯
∣∣ ≤ Qtl(α¯)
and
∣∣ ∂
∂s
H¯
∣∣ ≤ Q˜sl(α¯)
Thus, in our case the differential equation (3.3.1) reads as
(ρl)
′(t) = kCAQ˜sQtl2(1 + 4kk!) + kQtl(CT + 4kk!CA)ρl(t) ; ρl(0) = 0,
for 0 ≤ l ≤ l(γ), compare [Tap00, Lemma 3.3]. For simplicity, set
G1 := kCAQ˜sQt(1 + 4
kk!),
G2 := kQt(CT + 4
kk!CA).
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Using the variation of constants, we conclude
ρl(1) =
G1
G2
l
(
eG2l − 1).
Therefore,
d
dl
ρl(1) =
G1
G2
(
eG2l − 1)+G1leG2l ≤ G1
G2
(
eG2l(γ) − 1)+G1l(γ)eG2l(γ) =: P.
(3.3.2)
It remains to check the behavior of the appearing quantities as l(γ)
becomes small. As Qt and Q˜s are the only appearing quantities that
depend on l(γ) we first note that
lim
l(γ)→0
Qt = 1
lim
l(γ)→0
Q˜s =
1
2
.
Therefore, we extract the quantities Qt and Q˜s in (3.3.2). This is done
by considering each term separately. We observe that
G1
G2
=
kCAQ˜sQt(1 + 4
kk!)
kQt(CT + 4kk!CA)
= Q˜s
CA(1 + 4
kk!)
CT + 4kk!CA
=: Q˜s · C1(CA, CT , k),
G1l(γ) = kCAQ˜sQt(1 + 4
kk!)l(γ) =: Q˜sQtl(γ) · C2(CA, k),
G2l(γ) = kQt(CT + 4
kk!CA)l(γ) =: Qtl(γ) · C3(CA, CT , k).
As l(γ) becomes small, we obtain
lim
l(γ)→0
G1
G2
=
1
2
· C1(CA, CT , k),
lim
l(γ)→0
G1l(γ) = 0 · C2(CA, k) = 0,
lim
l(γ)→0
G2l(γ) = 0 · C3(CA, CT , k) = 0.
Summarizing these observations we conclude
lim
l(γ)→0
P = lim
l(γ)→0
G1
G2
(
eG2l − 1)+G1leG2l ≤ lim
l(γ)→0
G1
G2
(
eG2l(γ) − 1)+G1l(γ)eG2l(γ)
=
1
2
C1(CA, CT , k)
(
e0 − 1)+ 0 · e0 = 0.
This shows that P = τ(l(γ)|CA, CT , k,K).
Next, we consider the inequality l(β2) ≤ L · l(γ). Here, L is the
maximum of the Lipschitz constants of the holonomy diffeomorphism
hα associated to paths α in Y . Since hα satisfies the Lipschitz constant
eCT ·l(α) (c.f. [GW00, Lemma 4.2]) and l(α) is bounded from above by
l(γ) we conclude that
L = eCT ·l(γ) = 1 + τ(l(γ)|CT ).
Together with P = τ(l(γ)|CA, CT , k,K), this shows the claim.
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Thus, we finally obtain
2 injFp ≤ l(γ˜) ≤ C · l(γ)
=
(
1 + τ(l(γ)|CA, CT , k,K)
)
· l(γ)
=
(
1 + τ˜ (injM(x)|CA, CT , k,K)
)
· 2 injM(x).

Remark 3.4. If −K ≤ secM ≤ −κ for some κ > 0 such that (−κ +
3C2A) ≤ 0 then the assumpion injM(x) < 14 injY (p) is already sufficient
for Proposition 1.4 to hold, as M , as well as Y , do not have any con-
jugate points. In particular, the injectivity radius at some point at M
equals half of the length of the shortest geodesic loop based at that
point.
4. Characterization of Codimension One Collapse
In this section, we prove Theorem 1.1 and discuss the properties of
the subspace of M(n,D) consisting of manifolds satisfying the condi-
tion (1.1.1) for chosen r and C.
We first observe that, in the case of a noncollapsing sequence, the
statement of Theorem 1.1 is obviously true, as the limit space is a closed
Riemannian manifold of the same dimension. Thus, we only consider
the case of collapsing sequences in M(n,D).
The strategy of the proof of Theorem 1.1 is to first reduce the state-
ment to sequences of sufficiently collapsed manifolds with invariant
metrics in the sense of [CFG92]. Then, we prove Theorem 1.1 in that
special case.
Thus, we first show that, for uniformlya collapsing sequence (Mi, gi)i∈N,
we can switch to invariant metrics g˜i without affecting the statement
of Theorem 1.1.
Lemma 4.1. Let (Mi, gi)i∈N be a collapsing sequence in M(n,D) with
limit space Y . For δ > 0 sufficiently small and all i ∈ N sufficiently
large, there is an invariant metric g˜i such that
|gi − g˜i| < (eδ − 1) + C(n, δ)dGH(Mi, Y ),
|∇i − ∇˜i| ≤ δ + C1(n, δ)dGH(Mi, Y ),
|∇˜ji R˜i| ≤ C(j, n, δ)(1 + dGH(Mi, Y )).
In particular,
e−τ(dGH(Mi,Y )|n,δ)−τ(δ|n)
vol(B˜Mir (x))
i˜nj
Mi
(x)
≤ vol(B
Mi
r )(x)
injMi(x)
≤ eτ(dGH(Mi,Y )|n,δ)+τ(δ|n)vol(B˜
Mi
r (x))
i˜nj
Mi
(x)
,
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where B˜Mir (x) and i˜nj
Mi
(x) are taken with respect to the metric g˜i.
Proof. First, we apply Theorem 2.2 with δ to the sequence and ob-
tain the sequence (Mi, gˆi)i∈N which consists only of A-regular mani-
folds, with (Aj(n, δ))j∈N. Furthermore, by choosing δ sufficiently small,
Proposition 2.3 implies that |ŝecMi | ≤ (1 + c(n)δ).
It follows, by the estimates for the metrics gi and gˆi in Theorem 2.2
that
e−τ(δ|n)
vol(BˆMir (x))
înj
Mi
(x)
≤ vol(B
Mi
r )(x)
injMi(x)
≤ eτ(δ|n) vol(Bˆ
Mi
r (x))
înj
Mi
(x)
(4.1.1)
holds for sufficiently large i ∈ N. Here, sufficiently large means that
injMi(x), resp. înj
Mi
(x) is smaller than the conjugate radius of (Mi, gi),
resp. (Mi, gˆi) which is uniformly bounded in terms of the upper sec-
tional curvature bound. The bound on the conjugate radius for (Mi, gˆi)
only changes slightly by choosing δ > 0 sufficiently small.
Next, we apply Theorem 2.4 to each element of (Mi, gˆi)i∈N which
satisfies dGH(Mi, Y ) ≤ ε(n,D) to obtain an invariant metric g˜i. Recall,
that ε(n,D) is the constant from Theorem 2.1. This leads to a new
sequence (Mi, g˜i)i∈N. The claimed bounds on g˜i follows by combining
the inequalities given in Theorem 2.2 and Theorem 2.4. In particular,
after a small rescaling, (Mi, g˜i)i∈N lies again in M(n,D).
Furthermore, as |gˆi − g˜i|C∞ ≤ τ(dGH(Mi, Y )|n, δ) it follows that
e−τ(dGH(Mi,Y )|n,δ)
vol(B˜Mir (x))
i˜nj
Mi
(x)
≤ vol(Bˆ
Mi
r )(x)
înj
Mi
(x)
≤ eτ(dGH(Mi,Y )|n,δ)vol(B˜
Mi
r (x))
i˜nj
Mi
(x)
,
(4.1.2)
uniformly for i sufficiently large, as before.
Observe, that the sequences (Mi, gˆi)i∈N and (Mi, g˜i)i∈N converge to
the same limit space Yˆ . Furthermore, as dGH((Mi, gi), (Mi, g˜i)) is small,
it follows by [Fuk88, Lemma 2.3] that the Lipschitz-distance between
Y and Yˆ is also small. In particular, Y and Yˆ are homeomorphic and
thus have the same Hausdorff dimension. Together with (4.1.1) and
(4.1.2) the claim follows. 
In order to prove Theorem 1.1 we consider the following simplified
setting :
Let (Mi, gi)i∈N be a sequence in M(n,D) converging to a compact
metric space Y of lower dimension. There is a large index I such that
dGH(Mi, gi) ≤ ε(n,D), where ε(n,D) is the constant from Theorem
2.1, and injMi(x) < pi for all x ∈Mi, i ≥ I . In order to prove Theorem
1.1, it is sufficient to consider such sequences (Mi, gi)i≥I , where we can
assume without loss of generality that gi is an invariant metric such
that (Mi, gi) is A(n,D, δ)-regular for all i, by Lemma 4.1. Here, we
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used that dGH(Mi, Y ) is bounded from above by ε(n,D), for all i.
The next proposition together with Lemma 4.1 proves the implica-
tion i) to ii) in Theorem 1.1.
Proposition 4.2. Let (Mi, gi)i∈N be a collapsing sequence of A-regular
manifolds in M(n,D) converging to a compact metric space Y in the
Gromov-Hausdorff topology. Suppose that for each i, dGH(Mi, Y ) ≤
ε(n,D), and injMi(x) < pi for all x ∈ Mi, and that the metric gi is
invariant for the corresponding N-structure on Mi.
If dimHaus(Y ) = (n − 1), then for each r > 0 there is a positive
constant C := C(n, r, Y ) such that
C ≤ vol(B
Mi
r (x))
injMi(x)
(4.2.1)
for all x ∈Mi and i ∈ N.
Proof. As dimHaus(Y ) = (n− 1) it follows by [Fuk90, Proposition 11.5]
that Y is a compact Riemannian orbifold. As the fibration, η˜i : FMi →
Y˜ is an S1-bundle, it descends to an S1-orbifold bundle ηi : Mi → Y .
Fix some r > 0. As i→∞, the ball BMir (x) more and more resembles
η−1i (B
Y
r (ηi(x))). Therefore, it follows that there is an index I such that
for any i > I
η−1i (B
Y
r
2
(p)) ⊂ BMir (x)
holds for all p ∈ Y and x ∈ F ip := η−1i (p) ( e.g. one can use Toponogov’s
theorem as the sequence lies in M(n,D)).
Since the T -tensor of the Riemannian submersions η˜i is uniformly
bounded by a constant CT (n,A), see Theorem 2.4, it follows, by con-
sidering the commuting diagramm (2.1.1), that for any r > 0 there is
a positive constant C1 := C1(r, n, CT ) such that, for all i > I,
vol(BMir (x)) ≥ C1 vol(BYr
2
(p)) vol(F ip) = C1 vol(B
Y
r
2
(p)) 2 inj(Fp).
The last equality holds as F ip
∼= S1. Therefore,
vol(BMir (x))
injMi(x)
≥ C1 vol(BYr
2
(p))
≥ 2C1 inf
i∈N
min
p∈Y
vol(BYr
2
(p)).
As Y is a smooth compact Riemannian orbifold, the above constant
C is strictly positive. 
To finish the proof of Theorem 1.1 it remains to show that iii) implies
i). We again assume, without loss of generality, the same simplified
setting as explained above. The main idea of the proof is to derive a
contradiction by constructing an upper bound converging to 0. This is
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done in the next proposition which, toghether with Lemma 4.1, finishes
the proof of Theorem 1.1.
Proposition 4.3. Let (Mi, gi)i∈N be a collapsing sequence of A-regular
manifolds in M(n,D) converging to a compact metric space Y in the
Gromov-Hausdorff topology. Suppose that for each i, dGH(Mi, Y ) ≤
ε(n,D), injMi(x) < pi for all x ∈Mi and that the metric gi is invariant
for the corresponding N-structure on Mi.
Then dimHaus(Y ) = (n − 1) if there is some r > 0 and C > 0 such
that
C ≤ vol(B
Mi
r (x))
injMi(x)
for all x ∈M and all i ∈ N.
Proof. Let (Mi, gi)i∈N be a collapsing sequence in M(n,D) such that
the Gromov-Hausdorff limit Y has codimension k ≥ 2. Furthermore,
assume that there are positive numbers r and C such that (4.2.1) is
satisfied for all points x ∈Mi and all i.
Naber and Tian proved in [NT11, Theorem 1.1] that the limit space
Y is a Riemannian orbifold outside a set S of Hausdorff dimension
dimHaus(S) ≤ min{n−5, dimY−3}. Hence, Yˆ := YrS is a Riemannian
orbifold.
By Theorem 2.4 it follows that the fundamental form of η˜i : FMi →
Y˜ is uniformly bounded by a constant C˜T (n,A). Therefore, considering
the commutive diagramm (2.1.1), it follows that for any r > 0 there is
a constant C1(r, n, C˜T ) such that
vol(BMir (x)) ≤ C1 vol(BYr (ηi(x))) vol(F iηi(x))
for any x ∈Mi, i ∈ N.
Let p ∈ Yˆ be a regular point and x ∈ F ip. Thus, there is some κ > 0
such that BYκ (p) is a compact Riemannian manifold with boundary.
Now, we consider the maps ηi restricted to the preimage η
−1
i
(
BYκ (p)
)
for all i. These are Riemannian submersions between manifolds. Re-
call that the T -tensor of the Riemannian submersions η˜i is uniformly
bounded in i, by Theorem 2.4. Hence, also the T -tensor of ηi restricted
to the preimage of BYκ (p) is uniformly bounded by a constant CT .
As the sequence (Mi, gi)i∈N only consists of A-regular manifolds, we
can extract a subsequence, denoted by (Mi, gi)i∈N such that the Rie-
mannian metrics (η˜i)∗(gFi ) on Y˜ converges in C
∞. Here gFi denotes the
metric on the frame bundle FMi induced by gi. Therefore, it follows
that the metrics (ηi)∗(gi) converges in C∞ on BYκ (p). In particular, the
sectional curvature on BYκ (p) can be uniformly bounded in i. Hence,
by Gray-O’Neill’s formula, the A-tensor is also, on BYκ (p), uniformly
bounded in norm by a constant CA.
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Now, let γ be the noncontractible geodesic loop based at x ∈ Fp such
that l(γ) = 2 injMi(x). By taking i sufficiently large, the assumptions
of Proposition 1.4 are fulfilled and therefore
injF
i
p ≤ (1 + τ(injMi(x)|k, CT , CA) ) injMi(x) =: C2 injMi(x).(4.3.1)
It follows easily from Gray-O’Neill’s formula that the sectional cur-
vature of F ip is bounded from below by −K2 for some positive constant
K := K(CT ). Hence, we apply [HK78, Corollary 2.3.2] and (4.3.1) to
conclude
C ≤ vol(B
Mi
r (x))
injMi(x)
≤ C1 vol(B
Y
r (p)) vol(F
i
p)
injMi(x)
≤
C1 vol(B
Y
r (p))
(
C3(k) inj
F ip
(
sinh(diam(F ip)K)
K
)k−1)
injMi(x)
≤ C1C2C3 vol(BYr (p))
(
sinh(diam(F ip)K)
K
)k−1
Since (Mi, gi)i∈N is a collapsing sequence limi→∞ diam(F ip) = 0. As
k ≥ 2 by assumption, it follows that
lim
i→∞
(
sinh(diam(F ip)K)
K
)k−1
= 0.
This implies in the limit C ≤ 0 which is a contradiction. 
As a further explicit example we consider the Hopf fibration S1 →
S3 → S2(1
2
). We compute the constant from Theorem 1.1 for this
collapsing sequence explicitely.
Example 4.4 (Hopf fibration). Consider the sequence (S3i , gi)i∈N ∈
M(4, pi). Here S3i denotes the total space of the Hopf fibrations where
the fibers are scaled such that they have diameter pi
i
. This is a collapsing
sequence converging to S2(1
2
). The Riemannian submersions ηi : S
3 →
S2(1
2
) are all totally geodesic and the integrability tensors are uniformly
bounded by 2. Let r = pi, then
vol(S3i ) = vol(B
S3i
pi (x)) = vol(F
i
p) vol(Bpi2 (p)) =
2pi
i
vol
(
S
2 (1/2)
)
=
2pi2
i
.
Thus, we have
vol(B
S3i
pi (x))
injS
3
i (x)
=
2pi2
i
pi
i
= 2pi = 2 vol(S2 (1/2)),
which bounds this quotient uniformly in i.
16 SASKIA ROOS
We conclude this paper, by examining the subspace ofM(n,D) con-
sisting of manifolds satisfying (1.1.1) for fixed r and C.
Definition 4.5. For given positive numbers n, D, and C, we define
M(n,D,C) as the space consisting of all isometry classes of closed
Riemannian manifold (M, g) in M(n,D) satisfying
C ≤ vol(M)
inj(M)
.
By Theorem 1.1 the closure CM(n,D,C) ofM(n,D,C) with respect
to the Gromov-Hausdorff distance only consists of Riemannian mani-
folds or Riemannian orbifolds. For simplicity we consider each limit of
a sequence inM(n,D,C) as an orbifold and understand a manifold as
a special case. Recall that a manifold is an orbifold where each point
is regular.
At this point we want to recall the following proposition due to
Fukaya, (c.f. [Fuk90, Proposition 11.5]:
Proposition 4.6 (Fukaya). Let (Mi, gi)i∈N be a sequence in M(n,D)
converging to a compact metric space Y of codimension 1, then the
groups Gp (defined in Theorem 2.1) are all finite. In other words, Y is
a Riemannian orbifold.
In particular, it follows by the definition of a Riemannian orbifold
that CM(n,D,C) only consists of smooth elements. For the definition
of smooth elements in the closure ofM(n,D), we refer [Fuk88, Defini-
tion 0.4] for the definition. This observation is important, as we want
to use the following lemma due to Fukaya (c.f. [Fuk88, Lemma 7.8]).
Lemma 4.7. Let (Mi, xi)i∈N be a sequence of pointed manifolds in the
dGH-closure of M(n,D) converging to a smooth element (Y, p). Sup-
pose that the sectional curvature of Mi at xi are unbounded. Then the
dimension of the group Gp is positive.
Combining this with Proposition 4.6 we derive the following proper-
ties of CM(n,D,C).
Theorem 4.8. The space M(n,D,C) is precompact in the Gromov-
Hausdorff topology. Thus, any sequence (Mi, gi)i∈N contains a subse-
quence that either converges to a Riemannian manifold of the same
dimension in the C1,α-topology or collapses to a compact Riemann-
ian orbifold Y of Hausdorff-dimension (n − 1) such that the metrics
(ηi)∗gi converges in the C1,α-topology on Y . Furthermore, any element
Y in CM(n,D,C) with dim(Y ) = n− 1 satisfies ‖ secY ‖L∞ ≤ K and
vol(Y ) > v for positive constants v and K depending on n, D and C.
Proof. Let (Mi, gi)i∈N be a sequence in M(n,D,C). Then there ex-
ists by Gromov’s compactness result a dGH-convergent subsequence,
converging to Y .
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If dim(Y ) = n then the injectivity radius of the manifolds Mi is
uniformly bounded from below by a constant i0. Thus, this sequence
lies inM(n,D, i0) and the claim follows as this space is precompact in
the C1,α-topology.
If dim(Y ) < n, then dim(Y ) = (n − 1) by Theorem 1.1. Thus,
Y is a Riemannian orbifold by Proposition 4.6. Applying the O(n)-
equivariant version of Gromov’s compactness result there is a sub-
sequence (Mi, gi)i∈N such that (η˜i)∗gFi converges on Y˜ in the C
1,α-
topology to an O(n)-equivariant metric. Here gFi denotes the metric on
FMi induced by gi. As Y is a Riemannian orbifold, we also obtain that
(ηi)∗gi converges in C1,α. This proves the first part of the proposition.
For the second part, assume that there is a sequence (Yi)i∈N of (n−1)-
dimensional orbifolds in CM(n,D,C) such that there is a sequence
of points pi ∈ Yi where the sectional curvatures are unbounded in
i. As each element Yi can be reached by a collapsing sequence in
M(n,D), there is a subsequence (Yi)i∈N converging to an element Y∞
in CM(n,D,C) and a point p∞ with unbounded sectional curvature.
By a diagonal sequence argument and Theorem 1.1 it follows that Y∞ is
a Riemannian orbifold. As CM(n,D,C) is a subset of the dGH-closure
ofM(n,D) we can apply Lemma 4.7. It follows that the group Gp∞ has
positive dimension. This is a contradiction, as the group Gp∞ is finite
finite by Proposition 4.6. Thus, there exists a constant K(n,D,C, r)
as claimed.
The volume bound follows also by contradiction. Hence, there exists
a sequence (Yi, hi)i∈N such that dim(Yi) = (n− 1) for all i and vol(Yi)
converging to 0 as i tends to infinity. In other words the sequence
(Yi, hi)i∈N collapses. By a diagonal sequence argument one obtains a
sequence (Mj , gj)j∈N in M(n,D,C) converging to a space of at least
codimension 2. This is a contradiction, by Theorem 1.1. 
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